Target volatility options (TVO) are a new class of derivatives whose payoff depends on some measure of volatility. These options allow investors to take a joint exposure to the evolution of the underlying asset, as well as to its realized volatility. In equity options markets the slope of the skew is largely independent of the volatility level. A single-factor Heston based volatility model can generate steep skew or flat skew at a given volatility level but cannot generate both for a given parameterization. Since the payoff corresponding to TVO is a function of the joint evolution of the underlying asset and its realized variance, the consideration of stochastic skew is a relevant question for the valuation of TVO. In this sense, this article studies the effect of considering a multifactor stochastic volatility specification in the valuation of the TVO as well as forward-start TVO.
Introduction
In recent years volatility derivatives have become quite popular and liquid. In particular, in 2004 the Chicago Board Options Exchange (CBOE) introduced futures traded on the CBOE Volatility Index (VIX index) and in 2006 options on that index. Interestingly, VIX options are among the most actively trading contracts at CBOE. Target volatility options (TVO) are a new class of derivatives whose payoff depends on some measure of volatility. These options allow investors to take a joint exposure to the evolution of the underlying asset, as well as to its realized volatility. For instance, a target volatility call (TVC) can be viewed as a European call whose notional amount depends on the ratio of the target volatility (a fixed quantity representing the investor's expectation of the future realized volatility) and the realized volatility of the underlying asset over the life of the option. Therefore, when the realized volatility is high, the exposure to the evolution of the asset price is reduced. On the other hand, when the realized volatility is low, the nominal amount invested in the call increases. Since, usually, there is an inverse relationship between the evolution of asset prices and the realized volatility in equity markets, this kind of options allow investors to obtain a greater exposure to the evolution of the underlying asset in a bull market environment.
Di Graziano and Torricelli (2012) provide prices of TVO in the context of single-factor stochastic volatility models when the instantaneous volatility of the underlying asset is assumed to be independent from the Brownian motion driving the asset returns. Unfortunately, this assumption is quite restrictive and it is not realistic. Torricelli (2013) leaves the assumption of independence and allows for correlation between the asset returns and its instantaneous volatility. This author prices TVO under several single-factor stochastic volatility specifications such as the Heston (1993) In equity options markets, the slope of the skew is largely independent of the volatility level.
In this sense, there are low volatility days with a steep volatility slope, as well as a flat volatility slope. On the other hand, we also have high volatility days with steep and flat volatility slopes (Derman, 1999) . A single-factor Heston based stochastic volatility model can generate steep skew or flat skew at a given volatility level but cannot generate both for a given parameterization. Importantly, multifactor stochastic volatility models provide more flexibility not only to model the evolution of the skew/smile but also to model the volatility term structure. In this sense, Marabel Romo (2013a) shows that the consideration of a multifactor stochastic volatility specification has relevant pricing consequences in the valuation of forward skew dependent derivatives such as cliquet and Reverse Cliquet options.
Since the payoff corresponding to TVO is a function of the joint evolution of the underlying asset and its realized variance, the consideration of stochastic skew may have a big impact on the valuation of TVO. In this sense, this article contributes to the literature by studying the effect of considering a multifactor stochastic volatility specification in the valuation of the TVO. To this end, we consider the two-factor Heston-based model of Christoffersen et al. (2009) (TF Heston) in order to investigate TVO. We also provide pricing formulas, under the TF Heston model, corresponding to forward-start TVO, that is, TVO where the strike is determined at a later date. Note that within the single-factor Heston (1993) model, where the correlation between assets returns and the instantaneous variance is constant, the more negative this correlation is, the higher the leverage of the TVO in a bull market and, hence, the higher the price of the TVO, especially for in-the-money TVC. However, under the TF Heston model, where this correlation is stochastic, we will have paths where the asset goes up and the realized volatility goes down with a different instantaneous correlation with respect to the situation of constant correlation. In this case, we should expect pricing discrepancies between these two models.
The rest of the study proceeds as follows. Section 2 studies the sensitivities of TVO with respect to market parameters and develops the pricing formula associated with standard-start, as well as forward-start TVO under the TF Heston model. Section 3 displays the results associated with the pricing tests. Finally, Section 4 offers concluding remarks.
Target Volatility Options under Multifactor Stochastic Volatility

The Target Volatility Option
As said previously, a TVC can be viewed as a European call whose notional amount depends on the ratio of the target volatility and the realized volatility of the underlying asset over the life of the option. Hence, when the realized volatility is high, the exposure to the evolution of the asset price is reduced. Conversely, when the realized volatility is low, the option leverage increases. Since, usually, there is an inverse relationship between the evolution of asset prices and the realized volatility in equity markets, this kind of options allow investors to obtain a greater exposure to the evolution of the underlying asset when it exhibits a positive trend.
Let S t denote the spot price of the underlying asset at time t ≥ 0, V t its instantaneous variance and Y t = ln S t the log-price process. The payoff of a TVC with maturity T , strike price K and target volatility level γ can be expressed as follows: 
with BS being the corresponding BS implied volatility. In the particular case, where the implied volatility BS coincides with the target volatility level, the payoff of a TVC is exactly the same as the payoff associated with a plain vanilla call with the same strike price. Since the payoff of the TVO is given by a joint function of the asset returns and its realized variance, it is necessary to consider the existence of stochastic volatility to price this kind of derivatives.
The Vega of an option represents its sensitivity with respect to the implied volatility. Let P BS 0,T V C denote the time t = 0 price of the TVC under the BS specification. In this sense, the Vega of the TVC is given by:
where P BS 0,C (K, T ) is the BS price of a European call with strike price K and maturity T . 
The two-factor Heston specification
Using a principal component analysis of the Black-Scholes (1973) implied variances, Christoffersen et al. (2009) show that the first two components together explain more than 95% of the variation in the data. These results seem to suggest that a two-factor model may be a good choice. We now briefly present the main features of the TF Heston specification. For simplicity, we assume that the continuously compounded risk-free rate r and dividend yield q are constant. Let Q denote the risk neutral probability measure defined on a filtered probability space (Ω, , Q), such that under Q asset prices multiplied by the exponential of cumulated dividends, expressed in terms of the money market account, are martingales. The TF Heston model assumes the following dynamics for the return process Y t under Q:
where the instantaneous variance processes follow the square root dynamics
where θ i represents the long-term mean corresponding to the instantaneous variance factor i (for i = 1, 2), κ i denotes the speed of mean reversion and, finally, σ i represents the volatility of the variance factor i. For analytical convenience, let us rewrite the previous equation as follows:
where b i = κ i and a i = κ i θ i . In equations (2) and (3) Z it and W it are Wiener processes such
In order to preserve affinity, Z 1t and Z 2t are uncorrelated. In addition, W 1t and W 2t are also uncorrelated. The conditional variance of the return process is:
whereas, as shown by Christoffersen et al. (2009) , the correlation between the asset return and the variance process is:
Importantly, the TF Heston model, unlike the single-factor Heston (1993) model, allows for stochastic correlation between the asset return and the variance process and, hence, it accounts for the existence of stochastic skew consistent with the empirical evidence (see for example Carr and Wu 2007) . Note that if we drop the presence of the second factor in the previous expression, the correlation between the asset return and the variance process simplifies to the constant correlation level ρ 1 associated with the Heston (1993) model. In addition, the TF Heston model provides more flexibility to model the volatility term structure than single-factor specifications.
Pricing target volatility options
In this section we follow the methodology of Lewis (2000) 
with
The joint (extended) Laplace transform of the asset returns and the integrated variance process is defined as:
On the other hand, the Fourier transform corresponding to the payoff w (Y T , I T ) is given by
where χ ⊂ C 2 is the admissible integration domain in the complex plane corresponding to the generalized Fourier transform associated with the payoff function, i 2 = −1 and where ., .
represents the scalar product in C 2 . Substituting the previous expression in equation (4) yields:
where we have used the Fubini theorem. Appendix A shows that the Fourier transform associated with the payoff function w (Y T , I T ) is given by 1
and
Hence, to obtain a semi-closed-form solution for the option price we need to calculate the joint Laplace transform of the asset returns and the integrated variance process. Using standard arguments (Da Fonseca and Grasselli, 2011 or Marabel Romo, 2013a) it is easy to show that, under the risk-neutral measure Q, the Laplace transform associated with the TF Heston model
where the A i (λ, T ), i = 1, 2, are given by
On the other hand, B (λ, T ) can be expressed as:
Hence if we want to price a standard-start TVC, we can combine equations (6), (7) and (8) to obtain a semi-closed form solution for the price of target volatility calls. From the put-call parity it is easy to obtain the price associated with a European put. Of course, the price of TVO under the classic Heston (1993) model can be recovered by the previous formulas as a particular case.
Pricing forward-start TVO options
In this section we consider the pricing problem associated with TVO when the strike will be determined at a later date. In the context of single assets whose volatility follows a Wishart 
v is ds denotes the integrated variance process. We consider a forward-start TVC between the strike date t and the maturity date T with payoff:
Let us denote by ψ v1,v2 (λ x , λ v ; t, T ) the forward Laplace transform
which can be expressed as follows:
, where E Q t [.] denotes the expectation conditional on the information available through time t.
We can rewrite the previous expression as:
is the usual joint Laplace transform associated with standard-start options. Hence,
Let Ψ (H 1 , H 2 ; V 0 , t) := Ψ (t) denote the Laplace transform corresponding to the variance process V t , under Q defined as:
If we set H i = A i (λ, T − t), using standard arguments (see e.g. Da Fonseca and Grasselli 2011
or Marabel Romo 2013a) it is easy to show that
where
and where M (t) can be obtained as follows:
In conclusion, the forward Laplace transform required to price forward-start TVO is given by
so that the initial price corresponding to the forward-start TVC is given by:
In the context of European options under the Wishart specification, Da Fonseca et al. (2008) show that the value of forward-start options is independent on the level of the underlying asset and depends only on the volatility process. In the case of forward-start TVO options under the TF Heston model, from equation (9), the forward Laplace transform does not depend on the asset price and, hence, the price of forward-start TVO depends only on the volatility process as well: this is a peculiarity of affine specifications of the model. For example, in the non-affine framework where the underlying asset displays a mean reversion, Marabel Romo (2013b) shows the value of forward-start European options is also affected by the underlying asset price. where K is the strike price and S is the current spot price.
pricing of TVO, as well as to investigate if the side and magnitude of these discrepancies are robust to different market conditions.
To improve the calibration of short term implied volatility the market practice consists in putting more weight on short maturity options using the inverse of the Vega. Along the lines of Christoffersen et al. (2009) and Da Fonseca and Grasselli (2011), among others, in this study we follow this approach and we choose the model parameters that solve the following optimization problem:
where ξ is the vector of parameters to be estimated, C mkt (K i , T j ) is the market price of a European call with strike price K i and maturity
the Vega corresponding to a European option with strike K i and maturity T j , N i is the total number of strikes and, finally, N j represents the number of maturities considered. for some equity indices.
Panel A of figure 3 provides the implied volatility surfaces generated by both models corresponding to February 8, 2012, whereas panel B shows the implied volatility differences. Figure 4 displays the same data for November 7, 2013. A negative value means that the implied volatility is lower under the TF Heston specification than under the single-factor specification. We can see from the figures that, although the implied volatility differences are generally small, the main discrepancies correspond to out-of-the-money puts with short-term maturities where the implied volatility associated with the TF Heston model is lower than under the single-factor specification.
Note that the Feller's condition 3 , which ensures that the variance factors do not reach zero, using equity options data. As pointed out by Da Fonseca and Grasselli (2011), one possible explanation is that the mean reverting parameter is problematic to estimate and uses to be small. This problem is mainly related to the fact that option prices contain integrated volatility. One consequence is that the volatility remains too close to zero and contrasts with its empirical distribution which is closer to a log-normal one. In this sense, we are not surprised by this property though it might be a problem in some practical situations. For instance, there are derivatives whose payoff depends on the time spent by the volatility process close to zero.
Those products will be mispriced by the above models and might justify the market practice to use processes for the volatility that are positive by construction. But,in our case, the idea is to calibrate the parameters to be as consistent as possible with the market prices of vanilla options. If we include restrictions within the calibration process the results may be not desirable in terms of the ability of the model to replicate the prices of observed plain vanilla instruments.
Pricing tests
In this section, we study the pricing results of the single-factor Heston (1993) Panel A of table 5 shows the prices associated with at-the-money forward-start TVO under both models corresponding to February 8, 2012 , whereas panel B displays the pricing results associated with November 7, 2013. We assume that the maturity is equal to six months and we calculate the price of forward-start TVC starting within three months, as well as within six months. To this end, we use the pricing formula of equation (10) . We can see from the table that the price differences corresponding to the TF Heston model and to the single-factor Heston (1993) specification are similar to the price discrepancies that we obtained for standard-start TVC with maturity within six months. In this sense, the model discrepancies associated with standard-start TVO are also preserved for forward-start options.
The introduction of additional volatility factors in the context of stochastic volatility models allows us to generate more flexible smile patterns that improve the empirical fit of the model to the market price of European options. Note that the payoff corresponding to TVO is a function of the joint evolution of the underlying asset and its realized variance. Importantly, the previous results tend to indicate that the introduction of these additional volatility factors and, hence, the consideration of stochastic skew has relevant effects on the pricing performance of TVO and, in particular, for in-the-money TVC.
Discretely sampled target volatility options
The pricing formula for TVO developed within this study considers continuous sampling of the realized variance processes whereas, generally, contractual specifications compute the realized variance based on sampling at discrete times. In this case the payoff associated with a TVC becomes:
represents the realized volatility of the underlying asset over the lifetime of the option.
The TVO is basically an hybrid product of a standard equity option and a volatility derivative. It has been shown that volatility derivatives, such as volatility swaps, may be quite sensitive to the monitoring frequency. For instance, Zheng and Kwok (2012) showed that short-maturity variance swaps are very sensitive to the monitoring frequency. In the case of TVO the standard practice is to consider a daily sampling frequency. Since this question may be of great interest for practitioners, this section analyzes if there are relevant price discrepancies between the continuous version corresponding to the pricing formula of equation (6) and the usual market standard. To this end, table 6 provides the prices associated with TVC, with maturity within one year, corresponding to the Heston (1993) , as well as to the TF Heston specification obtained using Monte Carlo simulations based on the payoff of equation (11) considering daily sampling frequency for November 7, 2013. As before, we consider 50,000 trials and we implement the quadratic exponential scheme as described in Andersen (2008) .
The comparison of the pricing results associated with tables 4 and 6 shows that, in the case of daily frequency, we do not find relevant discrepancies between the continuous time pricing formula and the Monte Carlo specification 4 . Hence the pricing formula of equation (6) can be considered a reliable instrument to price daily sampled TVO.
Conclusion
Target volatility options (TVO) are a new class of derivatives whose payoff depends on some measure of volatility. These options allow investors to take a joint exposure to the evolution of the underlying asset, as well as to its realized volatility. In the case of a target volatility call (TVC), when the realized volatility is high, the exposure to the evolution of the asset price is reduced. Conversely, when the realized volatility is low, the nominal amount invested in the call increases. Since, usually, there is an inverse relationship between the evolution of asset prices and the realized volatility in equity markets, this kind of option allow investors to obtain a greater exposure to the evolution of the underlying asset in a bull market environment.
As said in the introduction, empirical evidence tends to suggest that the shape of the skew is quite independent of the level of volatility. In this sense, we can find low volatility days with a steep volatility skew, as well as low volatility days with a flat volatility skew. Analogously, there are also high volatility days with steep volatility skews, as well as high volatility days with flat volatility skews. In the case of the single-factor Heston (1993) 
A The Fourier Transform of the Target Volatility Call Payoff
From equation (5) the transform w (z) can be expressed as:
where 1 (.) is the indicator function.
Now
and provided that Im (z 1 ) > 1 the previous expression is well defined giving
On the other hand, if we assume that Im (z 2 ) > 0, then the expression giving F 2 is well defined and we obtain
Hence, we have
within the admissible domain defined by : Implied volatility surface generated by the TF Heston specification of table 2, as well as by the Heston model (panel A) and differences between the implied volatility surfaces generated by both specifications (panel B) corresponding to November 7, 2013 for Google Inc. A negative value means that the implied volatility under the TF Heston specification is lower than the implied volatility associated with the standard Heston specification. Strike prices are expressed as a percentage of the asset price, whereas maturities are expressed in years.
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